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Abstract
For a paracompact space X, a base A of X is called an LF-base if every open cover of X
has a locally finite open refinement by member of A. Let X and Y be paracompact spaces with
LF-bases A and B, respectively. Assuming that the product X × Y is paracompact, we consider
when A× B = {A × B: A ∈A and B ∈ B} is an LF-base of X × Y . Applying the argument here,
we obtain several results for the strong rectangularity and the base-paracompactness of paracompact
products.
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1. Introduction
Recall that a product X × Y of Tychonoff spaces is rectangular if every finite cozero
cover X × Y has a σ -locally finite refinement by cozero rectangles. Pasynkov [10]
introduced this concept and proved the following two inequalities
dim(X × Y ) dimX + dimY and Ind(X × Y ) IndX + IndY
for a rectangular product X×Y . (The original form of rectangular products had been given
by Nagata [8], who had called them F -products.) The Pasynkov’s result seems to be one
of the most remarkable ones for product theorems in dimension theory. In fact, it is easily
seen that many typical products are rectangular (see [10]). However, the following problem
remains open.
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Question 1 [10]. Is a paracompact product X × Y rectangular?Now, we turn to the argument of paracompactness of products. First, Morita [6] proved
that Y is a paracompact P -space iff M × Y is paracompact for any metrizable space M .
Second, Okuyama [9] proved that the product X × Y of a paracompact σ -space X and
a paracompact, perfectly normal space Y is paracompact. Moreover, Nagami [7] extended
it as follows:
(A) If X is a paracompact Σ-space and Y is a paracompact P -space, then X × Y is
paracompact (and rectangular).
Subsequently, Rudin and Starbird [12] proved the remarkable result that the product
X×Y of a metrizable space X and a paracompact space Y is paracompact iff it is countably
paracompact iff it is normal. This was mainly extended by Zhong [19] (also see [4]) as
follows:
(B) Let X be a stratifiable space and let Y be a paracompact space. Then X × Y is
countably paracompact if and only if it is paracompact (and rectangular).
Here it should be noticed that the original proofs of (A) and (B) show not only the
paracompactness of X × Y but also its rectangularity.
On the other hand, recall that the product X × Y of a regular σ -compact (or locally
compact, paracompact) space X and a paracompact space Y is paracompact (cf. [1,
p. 339]). This was extended by Telgársky [14] as follows:
(C) If X is a paracompact space with a σ -closure-preserving cover by compact sets and Y
is a paracompact space, then X × Y is paracompact.
After that, for the product X × Y in (C), the author [16] proved not only its rectangularity
but also its stronger property called strong rectangularity (this is defined later). Then the
author raised the following question:
Question 2 [16]. If X is a paracompact Σ-space and Y is a paracompact P -space, is X×Y
strongly rectangular?
No paper has dealt with strong rectangularity of products including this question. The
main reason seems to be no application for this property up to the present. However,
Porter [11] has recently introduced and studied the concept of base-paracompactness.
Comparing the definitions of strong rectangularity and base-paracompactness, one can
expect some common properties in products which are paracompact. In the present
paper, we simultaneously argue the strong rectangularity and the base-paracompactness of
paracompact products. For that, we necessarily introduce the new concept of bases called
LF-bases. We conclude from our argument that both (A) and (B) above are true for the
strong rectangularity and the base-paracompactness of X × Y . As the side issue, we can
obtain an affirmative answer to Question 2 above.
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Throughout this paper, all spaces are assumed to be Hausdorff. We follow [1] for the
notations and the definitions which are not explained here.
2. Strong Σ -spaces and P -spaces
Definition 1. A space X is called a strong Σ-space (Σ-space) if there is a σ -discrete
closed cover F of X and a closed cover C of X by (countably) compact sets such that, for
each C ∈ C and for each open set U with C ⊂ U , there is an F ∈F with C ⊂ F ⊂ U .
Remark. The original definition of strong Σ-spaces (or Σ-spaces) are due to Nagami [7].
However, the above definition is found in [2]. These definitions are equivalent for regular
spaces. Note that every paracompact Σ-space is a strong Σ-space, and that every regular
strong Σ-space is subparacompact.
Definition 2. A space Y is called a P -space (in the sense of Morita) if for each finite
sequence (V0, . . . , Vn) of open sets in Y , one can assign a closed set p(V0, . . . , Vn) in Y ,
satisfying
(P1) p(V0, . . . , Vn) ⊂⋃in Vi ,
(P2) if {Vn: n ∈ ω} covers X, then {p(V0, . . . , Vn): n ∈ ω} covers X.
Moreover, note that, without loss of generality, we can assume
(P3) p(Vi0 , . . . , Vik ) ⊂ p(V0, . . . , Vn) if {Vi0 , . . . , Vik } ⊂ {V0, . . . , Vn}.
Remark. The original definition of P -spaces is due to Morita [6]. However, we adopt
the above definition in [15] for the proof of the next lemma. Note that every Σ-space is
a P -space (see [7]).
The following is essentially due to Nagami (see the proof of [7, Theorem 4.1]).
Lemma 2.1. Let X be a strong Σ-space and let Y be a P -space. Then, for every open
cover O of X × Y , there exists a closed cover {Fα ×Kα : α ∈ Ω} of X × Y , satisfying
(a) {Fα : α ∈ Ω} is a σ -discrete closed cover of X,
(b) for each α ∈ Ω , there is a collection Vα of open sets in Y such that
(i) Vα covers Kα , and
(ii) for each V ∈ Vα , there is a finite collection UV of open sets in X such that
Fα ⊂⋃UV and each U × V , where U ∈ UV , is contained in some member of O.
Proof. Let F =⋃n∈ωFn be a σ -discrete closed cover of X and let C be a closed cover
of X by compact sets, described in Definition 1. Let Fn = {Fα : α ∈ Ωn} for each n ∈ ω,
and let Ω =⊕n∈ω Ωn, where each Fn is discrete in X. Without loss of generality, we may
assume the following:
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(∗) For each n ∈ ω and for each finite E ⊂F , there is m n such that ⋂E ∈Fm.
Let p be the function satisfying (P1), (P2) and (P3), described in Definition 2. Let O be
any open cover of X × Y . For each α ∈ Ω , let
Vα =
{
V : V is an open set in Y such that there is a finite collection
{UV,i: i  kV } of open sets in X, satisfying that Fα ⊂
⋃
ikV
UV,i
and each UV,i × V is contained in some OV,i ∈O
}
.
For each α ∈ Ωn,n ∈ ω, let{
i < n: there is (unique) αi ∈ Ωi with Fα ⊂ Fαi
}= {i0, . . . , ik},
where i0 < · · · < ik < n. Here we define
Kα = p
(⋃
Vαi0 , . . . ,
⋃
Vαik ,
⋃
Vα
)
.
Since each Fαij contains Fα , it follows from the choice of Vα that Vα contains Vαij for
each j  k. By (P1) of p, Kα is a closed set in Y with Kα ⊂⋃Vα . So it follows from the
choices of F and Vα that (a) and (b) are satisfied.
It suffices to show that {Fα ×Kα : α ∈ Ω} covers X×Y . Pick any point (x, y) ∈ X×Y .
Let {n ∈ ω: x ∈⋃Fn} = {n0, n1, . . .}. By (∗) of F , we can let n0 < n1 < · · · . Since Fnj
is discrete in X, there is unique δj ∈ Ωnj with x ∈ Fδj ∈Fnj for each j ∈ ω. 
Claim. {⋃Vδj : j ∈ ω} covers Y .
Proof. Pick any y ′ ∈ Y . Take Cx ∈ C with x ∈ Cx . Since Cx × {y ′} is compact, there is
a finite collection {Uy ′,i : i  ky ′ } of open sets in X and an open neighborhood Vy ′ of y ′ in
Y such that Cx ⊂⋃iky′ Uy ′,i and each Uy ′,i × Vy ′ is contained in some Oy ′,i ∈O. Then
there is an F0 ∈F with Cx ⊂ F0 ⊂⋃iky′ Uy ′,i . It follows from x ∈ Cx ⊂ F0 that there is
 ∈ ω such that F0 = Fδ ∈Fn . By the choice of Vδ , we have y ′ ∈ Vy ′ ∈ Vδ .
By the Claim and (P2) of p, {p(⋃Vδ0 , . . . ,⋃Vδj ): j ∈ ω} covers Y . Take r ∈ ω with
y ∈ p(⋃Vδ0 , . . . ,⋃Vδr ). By (∗) of F , there is s  r such that Fδs = ⋂jr Fδj ∈ Fns .
By (P3) of p, we have
Kδs = p
(⋃
Vδ0, . . . ,
⋃
Vδs
)
⊃ p
(⋃
Vδ0, . . . ,
⋃
Vδr
)
 y.
Hence we obtain (x, y) ∈ Fδs ×Kδs . 
A regular space X is called a strong σ -space [4] if there is a sequence {Fn} of σ -discrete
(or equivalently, σ -locally finite) closed covers of X such that, for each x ∈ X and for each
open neighborhood W of x in X, there is an m ∈ ω and an open neighborhood U of x with
St(U,Fm) ⊂ W .
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It is known in [4] that every stratifiable space is a strong σ -space. In fact, the following
diagram is known:
metrizable ⇒ Lašnev ⇒ stratifiable ⇒ strong σ -space
⇒ σ -space ⇒ strongΣ-space ⇒ Σ-space ⇒ P -space.
Lemma 2.2. Let X be a strong σ -space and let Y be a space such that X × Y is
countably paracompact. Then, for every open cover O of X × Y , there is a closed cover
{Fα ×Kα : α ∈ Ω} of X × Y , satisfying
(a) {Fα : α ∈ Ω} is a σ -discrete closed cover of X,
(b) for each α ∈ Ω , there is a collection Vα of open sets in Y such that
(i) Vα covers Kα , and
(ii) for each V ∈ Vα , there is an open set UV in X such that Fα ⊂ UV and UV × V is
contained in some member of O.
Proof. The proof is quite parallel to that of [4, Lemma 3.1]. In fact, we only have to replace
the Oλ,n in the original proof with the following new
Oλ,n =
{
U × V : U × V is open in X × Y such that there is an open set
W in X with St(U,Fn) ⊂ W and W × V ⊂ Oλ
}
.
Then the remaining parts are easily modified. 
Remark 1. The existence of such a closed cover {Fα ×Kα : α ∈ Ω} of X×Y in Lemma 2.1
or 2.2 resembles that of special refinements defined in [18]. However, it should be noticed
that the condition of {Fα ×Kα : α ∈ Ω} is slightly stronger than the special refinements.
Remark 2. Lemma 2.2 also holds for a regular σ -space X and a P -space Y without any
condition of X × Y . The proof is similar to that of Lemma 2.1.
3. LF-bases in products
Let X be a space. An open set U in X is a cozero-set if there is a continuous function
f from X into the interval [0,1] such that U = {x ∈ X: f (x) > 0}. A closed set Z in X is
a zero-set if it is the complement of a cozero-set in X.
Now, we introduce a new concept in order to deal with the strong rectangularity and the
base-paracompactness (defined in the next section) of products, simultaneously.
Definition 3. For a paracompact space X, a base A of X is called an LF-base if every open
cover of X has a locally finite open refinement by members of A.
It is well known that a space X is paracompact iff the base consisting of all cozero-sets
in X is an LF-base. For a base A of a space X, let
ALF =
{⋃
A′: A′ is locally finite subcollection of A
}
.
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Then the following is easily seen.Proposition 3.1. Let X be a paracompact space and let A be an LF-base of X. Then, for
every open cover {Uξ : ξ ∈ Ξ} of X, there is a locally finite open cover {Aξ : ξ ∈ Ξ} of X
such that Aξ ∈ALF and Aξ ⊂ Uξ for each ξ ∈ Ξ .
Let X × Y be a product of two spaces. A subset of the form A ×B in X × Y is called
a rectangle. For a subset R in X × Y , R′ and R′′ denote the projections of R into X and Y ,
respectively. Then note that R = R′ × R′′ iff it is a rectangle in X × Y . A rectangle R is
called a cozero (zero, open, closed) rectangle if R′ and R′′ is cozero (zero, open, closed)
in X and Y , respectively. Note that R is a cozero (a zero, an open, a closed) rectangle in
X × Y iff it is a cozero-set (a zero-set, an open set, a closed set) and a rectangle in X × Y .
Let X and Y be spaces with bases A and B, respectively. Then we naturally define the
base A× B of X × Y as follows:
A×B = {A ×B: A ∈A and B ∈ B}.
Now, we prove our structural lemma, using the {Fα ×Kα : α ∈ Ω} in Lemma 2.1 by the
notation of rectangles.
Lemma 3.2. Let X and Y be paracompact spaces. Suppose that for every open cover O of
X × Y , there exists a cover {Rα : α ∈ Ω} of X × Y by closed rectangles, satisfying
(a) {R′α : α ∈ Ω} is a σ -discrete closed cover of X,
(b) for each α ∈ Ω , there is a collection Vα of open sets in Y such that
(i) Vα covers R′′α , and
(ii) for each V ∈ Vα , there is a finite collection UV of open sets in X such that
R′α ⊂
⋃UV and each U × V , where U ∈ UV , is contained in some member of O.
If A and B are LF-bases of X and Y , respectively, then A× B is an LF-base of X × Y .
Proof. It suffices to prove that ALF × B is an LF-base of X × Y . Let O be any open
cover of X × Y . For the O, let {Rα : α ∈ Ω} be a cover of X × Y by closed rectangles,
satisfying the conditions (a) and (b) above. Let Rα = Fα × Kα (that is, R′α = Fα and
R′′α = Kα) for each α ∈ Ω . We let Ω =
⊕
n∈ω Ωn with Ω0 = ∅ and let Fn = {Fα : α ∈ Ωn}
be discrete in X for each n ∈ ω. Since X is paracompact, there are three discrete collections
{Wα,i : α ∈ Ωn}, i ∈ 2, and {Lα: α ∈ Ωn} of subsets in X, satisfying for each α ∈ Ωn,
(i) Wα,0 and Wα,1 are cozero-sets in X,
(ii) Lα is a zero-set in X,
(iii) Fα ⊂ Wα,0 ⊂ Lα ⊂ Wα,1.
Now, for each n ∈ ω, we will construct a subcollection Gn of ALF ×B, a collection Zn
of zero rectangles with a function ϕnn−1 :Zn →Zn−1 and a collection {Hk(Z): Z ∈Zn and
k ∈ ω} of open rectangles, satisfying the following conditions:
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(1) Gn is locally finite in X × Y .
(2) Zn is locally finite in X × Y .
(3) {H0(Z): Z ∈Zn} is locally finite in X × Y .
(4) For each Z ∈Zn, Z ⊂ ϕnn−1(Z).
(5) For each Z ∈ Zn, Z = ⋂k∈ω Hk(Z) and for each k ∈ ω, Hk+1(Z) ⊂ Hk(Z) ⊂
Hk(ϕ
n
n−1(Z)).
(6) (⋃in Gi )∪Zn covers X × Y .
(7) Each member of Gn is contained in some member of O.
(8) ⋃Gn ⊂⋃{Hn−1(Z): Z ∈Zn−1}.
(9) For each Z ∈Zn, Z′ meets at most one member of Fn.
(10) For each Z ∈Zn and for each α ∈ Ωn, Z′ ∩ Fα = ∅ implies Z′′ ∩Kα = ∅.
Let G0 = {∅},Z0 = {X×Y } and Hk(X×Y ) = X×Y for each k ∈ ω. Now, assume that
we have already constructed {Gi : i  n}, {〈Zi , ϕii−1〉: i  n} and {Hk(Z): Z ∈ Zi , i  n
and k ∈ ω}, satisfying (1)–(10).
Fix a Z ∈ Zn. First, assume that Z′ meets ⋃Fn+1. Take any α ∈ Ωn+1 with
Fα ∩ Z′ = ∅. Using Proposition 3.1, it follows from the choices of Kα and Vα in (b)
and from the assumptions of ALF and B that there is a locally finite (in Y ) subcollection
{Bλ: λ ∈ Λ(Z,α)} of B, satisfying
(iv) Kα ∩ Z′′ ⊂⋃{Bλ: λ ∈ Λ(Z,α)} ⊂ Hn(Z)′′ and
(v) there is a finite subcollection {Aλ,i: i  kλ} of ALF and a finite subcollection
{Oλ,i : i  kλ} of O such that Fα ∩ Z′ ⊂⋃ikλ Aλ,i ⊂ Wα,0 ∩ Hn(Z)′, and Aλ,i ×
Bλ ⊂ Oλ,i for each i  kλ.
Since Y is normal, there are zero-sets M(Z,α) and N(Z,α) in Z′′ (hence, zero-sets in Y )
such that
(vi) Kα ∩ Z′′ ⊂ Z′′ N(Z,α) ⊂ M(Z,α) ⊂ (⋃{Bλ: λ ∈ Λ(Z,α)}) ∩Z′′.
Since Y is paracompact, there is a locally finite (in Y ) collection {Tλ: λ ∈ Λ(Z,α)} of
zero-sets in Y such that
(vii) ⋃{Tλ: λ ∈ Λ(Z,α)} = M(Z,α) and
(viii) Tλ ⊂ Bλ for each λ ∈ Λ(Z,α).
For each λ ∈ Λ(Z,α), we take a cozero-set Uλ in X such that Fα ∩Z′ ⊂ Uλ ⊂⋃ikλ Aλ,i .
Let Zλ(α) = ((Lα  Uλ) ∩ Z′) × Tλ, and let H0(Zλ(α)) = (Wα,1 ∩ H0(Z)′) × Bλ. Let
Z(α) = (Lα ∩Z′)×N(Z,α), and let H0(Z(α)) = (Wα,1 ∩H0(Z)′)×H0(Z)′′. Moreover,
let Z∗ = (Z′⋃{Wβ,0: β ∈ Ωn+1})×Z′′, and let H0(Z∗) = H0(Z). Now, for the Z ∈Zn
meeting
⋃Fn+1, we put
Zn+1(Z) =
{
Zλ(α): α ∈ Ωn+1 with Fα ∩ Z′ = ∅ and λ ∈ Λ(Z,α)
}
∪ {Z(α): α ∈ Ωn+1 with Fα ∩Z′ = ∅} ∪ {Z∗}.
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For a Z ∈ Zn disjoint from ⋃Fn+1, we put Zn+1(Z) = {Z}. Here, letting Z range over
Zn, we put Zn+1 =⋃{Zn+1(Z): Z ∈Zn}. The function ϕn+1n :Zn+1 → Zn is defined by
ϕn+1n (Zn+1(Z)) = {Z} for each Z ∈Zn. We put
Gn+1 =
{
Aλ,i × Bλ: i  kλ, λ ∈ Λ(Z,α), Z ∈Zn
and α ∈ Ωn+1 with Z′ ∩ Fα = ∅
}
.
For each Ẑ ∈ Zn+1 with Z = ϕn+1n (Ẑ), that is, Ẑ ∈ Zn+1(Z), it is clear that Ẑ is a zero
rectangle and H0(Ẑ) is an open rectangle with Ẑ ⊂ H0(Ẑ) ⊂ H0(Z). So we can choose
a collection {Hk(Ẑ): Ẑ ∈Zn+1 and k ∈ ω} of open rectangles such that Ẑ =⋂k∈ω Hk(Ẑ)
for each Ẑ ∈ Zn+1 and Hk+1(Ẑ) ⊂ Hk(Ẑ) ⊂ Hk(Z) for each k ∈ ω. We have constructed
the desired Gn+1, 〈Zn+1, ϕn+1n 〉 and {Hk(Ẑ): Ẑ ∈Zn+1 and k ∈ ω}.
It is easy to check that (1)–(5) and (7)–(9) are satisfied. We only check (6) and (10).
Pick any point (x, y) ∈ X × Y . Assume that (x, y) /∈⋃in(⋃Gi ). By the assumption (6),
we have (x, y) ∈ ⋃Zn. We show that (x, y) ∈ (⋃Zn+1) ∪ (⋃Gn+1). Take a Z ∈ Zn
with (x, y) ∈ Z. In case of Z′ ∩ (⋃Fn+1) = ∅, we have (x, y) ∈ Z ∈ Zn+1. Assume
that Z′ ∩ (⋃Fn+1) = ∅. In case of x /∈ ⋃{Wβ,0: β ∈ Ωn+1}, we have (x, y) ∈ Z∗ ∈
Zn+1. So we can assume that there is some unique δ ∈ Ωn+1 with x ∈ Wδ,0. Since
Z′′ = M(Z,δ) ∪ N(Z, δ), either y ∈ M(Z,δ) or y ∈ N(Z, δ). Now, assume y ∈ M(Z,δ).
By (vii), find µ ∈ Λ(Z, δ) with y ∈ Tµ. In case of x /∈ Uµ, it follows that
(x, y) ∈ ((Wδ,0 Uµ)∩ Z′)× Tµ ⊂ Zµ(δ) ∈Zn+1.
In case of x ∈ Uµ, it follows that (x, y) ∈ Uµ × Tµ ⊂ (⋃ikµ Aµ,i) × Bµ. Then (x, y) ∈
Aµ,i0 × Bµ ∈ Gn+1 for some i0  kµ. If y ∈ N(Z, δ), then
(x, y) ∈ (Wδ,0 ∩ Z′)×N(Z, δ) ⊂ Z(δ) ∈Zn+1.
Hence (6) is satisfied. Take any Ẑ ∈Zn+1 and α ∈ Ωn+1. Let ϕn+1n (Ẑ) = Z. Assume that
Ẑ′ ∩Fα = ∅. If Ẑ = Zλ(α) for some λ ∈ Λ(Z,α) or Ẑ = Z∗, then Ẑ′ ∩Fα = ∅. This means
that Ẑ must be Z(α). By (vi), we have Ẑ′′ ∩Kα = Z(α)′′ ∩Kα = N(Z,α)∩(Kα ∩Z′′) = ∅.
Hence (10) is satisfied. Thus, we have completed the induction.
Next, we show two claims.
Claim 1.
⋂
n∈ω(
⋃Zn) = ∅.
Proof. Assume that there is a point (u, v) ∈⋃Zn for each n ∈ ω. By (2), each (Zn)(u,v) is
non-empty and finite, where (Zn)(u,v) = {Z ∈Zn: (u, v) ∈ Z}. By (4), ϕnn−1((Zn)(u,v)) ⊂
(Zn−1)(u,v). By König’s lemma (cf. [5, Lemma II.5.7]), there is some (Zn) ∈ ∏n∈ωZn
such that (u, v) ∈ ⋂n∈ω Zn and ϕnn−1(Zn) = Zn−1 for each n ∈ ω. Let {n ∈ ω: u ∈⋃Fn} = {n0, n1, . . .}, where 0 < n0 < n1 < · · · . Since u ∈ Z′nj ∩ (⋃Fnj ) = ∅, it
follows from (9) that there is unique δj ∈ Ωnj with u ∈ Z′nj ∩ Fδj for each j ∈ ω. Since{Fα ×Kα: α ∈ Ω} covers X × Y , it follows from the uniqueness of δj ’s that there is  ∈ ω
such that (u, v) ∈ Fδ × Kδ . Observe that u ∈ Z′nj ∩ Fδj = ∅ for each j  . By (10), we
conclude that Z′′nj ∩Kδj = ∅ for each j  . In particular, Z′′n ∩Kδ = ∅. This contradicts
v ∈ Z′′n ∩ Kδ = ∅.
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Let Hn,k =⋃{Hk(Z): Z ∈Zn} for each n, k ∈ ω.
Claim 2.
⋃Zn =⋂k∈ω Hn,k =⋂k∈ω Hn,k for each n ∈ ω.
Proof. By (5), ⋃Zn ⊂⋂k∈ω Hn,k is obvious. Pick any z /∈⋃Zn. By (3), there is a finite
subcollection J of Zn such that z /∈⋃{H0(Z): Z ∈Zn J }. By (5), choose kZ ∈ ω with
z /∈ HkZ(Z) for each Z ∈J . Let k0 = max{kZ: Z ∈ J }. By (3) and (5) again, we have
z /∈ Hn,k0 . Hence we obtain z /∈
⋂
k∈ω Hn,k .
Let G =⋃n∈ω Gn. Pick any point z ∈ X × Y . By Claim 1, z /∈⋃Zn∗ for some n∗ ∈ ω.
By (6), we have z ∈⋃in∗ (⋃Gi ). Since G covers X × Y , it follows from (7) that G is an
open refinement of O by members of ALF × B. By Claim 2, z /∈ Hn∗,k∗ for some k∗ ∈ ω.
Let m = max{n∗, k∗}. By (5), since Hm,m ⊂ Hm,k∗ ⊂ Hn∗,k∗ , we have z /∈ Hm,m. Then note
that Hn+1,n+1 ⊂ Hn,n for each n ∈ ω. It follows from (8) that ⋃Gn ⊂ Hn−1,n−1 ⊂ Hm,m
for each n >m. Hence we have z /∈⋃n>m(⋃Gn). By (1), G is locally finite at z. Therefore,
G is a locally finite refinement of O by members of ALF ×B. This means that ALF ×B is
an LF-base of X × Y , and so is A×B. 
The following is an immediate consequence of Lemmas 2.1 and 3.2.
Theorem 3.3. Let X be a paracompact Σ-space and let Y be a paracompact P -space. If
A and B are LF-bases of X and Y , respectively, then A×B is an LF-base of X × Y .
Since every stratifiable space is a strongly σ -space, the following is also an immediate
consequence of Lemmas 2.2 and 3.2.
Theorem 3.4. Let X be a stratifiable space and let Y be a paracompact space. If A and
B are LF-bases of X and Y , respectively, and X × Y is paracompact, then A × B is an
LF-base of X × Y .
4. Applications
Let us state a stronger property of rectangular products.
Definition 4. A product X×Y of two spaces is said to be strongly rectangular [16] if every
locally finite open cover of X × Y has a locally finite refinement by cozero rectangles.
Let X and Y be paracompact spaces and let A and B be the families of all cozero-sets
in X and Y , respectively. Then A× B is the family of all cozero rectangles in X × Y . If
the A× B is an LF-base of X × Y , then X × Y is paracompact and strongly rectangular.
Thus, Theorem 3.3 gives an affirmative answer to Question 2 in the Introduction (= [16,
Problem 2]) as follows.
Corollary 4.1. If X is a paracompact Σ-space and Y is a paracompact P -space, then
X × Y is strongly rectangular.
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By Theorem 3.4, we also obtainCorollary 4.2. Let X be a stratifiable space and let Y be a paracompact space. If X × Y
is paracompact, then it is strongly rectangular.
Next, let us state a stronger property of paracompactness introduced recently.
Definition 5. A space X is said to be base-paracompact [11] if there is a base B of X with
|B| = w(X) such that every open cover of X has a locally finite refinement by members
of B (that is to say, there is an LF-base B of X with |B| = w(X)).
LetA and B be bases of X and Y , respectively, with |A| = w(X) and |B| = w(Y ). Then
we have |A×B| = |A|  |B| = w(X) w(Y ) = w(X × Y ).
By Theorem 3.3, we obtain
Corollary 4.3. If X is a base-paracompact Σ-space and Y is a base-paracompact
P -space, then X × Y is base-paracompact.
By Theorem 3.4, we also obtain
Corollary 4.4. Let X be a base-paracompact stratifiable space and let Y be a base-
paracompact space. Then X × Y is base-paracompact if and only if it is paracompact.
Remark. It follows from [11, Theorems 3.3 and 3.5] that every metrizable space and
every regular Lindelöf space is base-paracompact. Since every hereditarily Lindelöf regular
space is perfectly normal, it is a P -space. So each of Corollaries 4.3 and 4.4 is an extension
of [11, Theorem 3.15].
5. Topological games
Telgársky [14] introduced the topological game G(DC,X), where DC denotes the class
of spaces which have a discrete cover by compact sets.
When we deal with the winning strategies for Player I in G(DC,X), the following is
convenient to simplify the argument.
Lemma 5.1 [3]. Player I has a winning strategy in G(DC,X) if and only if for each closed
set F in X, one can assign a closed set s(F ) in X with s(F ) ⊂ F , satisfying
() if {Fn} is a decreasing sequence of closed sets in X such that s(Fn) ∩ Fn+1 = ∅ for
each n ∈ ω, then ⋂n∈ω Fn = ∅.
Let X be a paracompact space with a winning strategy for Player I in G(DC,X). Then
it follows from [17, Theorem 5.1] that any base of X is an LF-base (since X is totally
paracompact). More generally, we can strengthen [16, Theorem 2.1] in terms of LF-bases
as follows.
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Theorem 5.2. Let X and Y be paracompact spaces. Suppose that Player I has a winning
strategy in G(DC,X). If A is a base of X and B is an LF-base of Y , then A× B is an
LF-base of X × Y .
However, the proof is quite similar to the original one, where the description of this
proof becomes simpler by Lemma 5.1. The detail is left to the reader.
Theorem 5.2 and [14, Theorem 10.2] immediately yield:
Corollary 5.3. Let X be a paracompact space with a σ -closure-preserving cover by
compact sets and let Y be a paracompact space. If A is a base of X and B is an
LF-base of Y , then A× B is an LF-base of X × Y .
Moreover, it immediately yields
Corollary 5.4. If X is a paracompact space with a σ -closure-preserving cover by compact
sets and Y is a base-paracompact space, then X × Y is base-paracompact.
This is an extension of [11, Theorem 3.10].
6. Questions for base-paracompactness
The following is an immediate consequence of [11, Theorem 2.3].
Proposition 6.1. Let X and Y be paracompact spaces with w(X)  w(Y ). If X × Y is
base-paracompact, then so is X.
In fact, X is homeomorphic to a closed subspace of X × Y with w(X × Y ) = w(X). So
it is natural to ask:
Question 3. Let X and Y be paracompact spaces with w(X) < w(Y ). If X × Y is base-
paracompact, is X base-paracompact?
Recall the following question which is the most important for base-paracompactness.
Question 4 [11]. Is every paracompact space base-paracompact?
However, Masami Skai and Toshiji Terada have pointed out that Questions 3 and 4 are
essentially the same. In fact, we have
Proposition 6.2 [13]. The following are equivalent:
(a) Every paracompact space is base-paracompact.
(b) For two paracompact spaces X and Y with w(X) < w(Y ), if X × Y is base-
paracompact, then so is X.
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(c) For a paracompact space X and a compact space C with w(X) < w(C), if X × C is
base-paracompact, then so is X.
Proof. (a) ⇒ (b) ⇒ (c): Obvious.
(c) ⇒ (a): The idea of the proof is due to that of [11, Theorem 4.1]. Assume that
there is a paracompact space X which is not base-paracompact. Let O be the family of
all open sets in X and let κ = |O|. Then we have κ > w(X). Let C = [0, κ]. Then C is
a compact space with w(C) = κ > w(X). Let Bκ be a base of C with |Bκ | = κ . Then it
is easy to see that O × Bκ is an LF-base of X ×C. Since |O × Bκ | = w(X × C) = κ , it
follows that X ×C is base-paracompact. Hence X is base-paracompact. This contradicts
the assumption of X. 
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